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1. 'ﬁigﬁ ai,az, -+ ,a2016 %?é%[ ’ E. Z a% = a% + CL% + -+ a%ow = 2016 ° Eﬁﬁfﬁ ai,ag, - ,0a2016 quE%%ﬂDXE%%{E
k=1
2016
27 Suppose that ay,as, -+ ,az016 are integers, and > a7 = a4+ a3+ + a3 = 2016. Please find the maximum
k=1
number of zeros in ai,az, - ,0aA2016-

Solution: Since 2016 is not a square number and /2016 ~ 44.0. Therefore, we have 2016 = 442 + 80. And 80 is
not a square number, either. In addition, we have 80 = 82 4 16 = 82 + 42. Therefore, we can set a; = 44, as = 8,
a3 = 4, ap, = 0 for k > 3. Therefore we can have 2016 — 3 = 2013 at most.

2. 2016 WPFTBIERE#RFZEZ ) ? Find the sum of all the positive factors of 2016.

Solution: 2016 =2°-32-7. The sum is (1 +2+4 +8 + 16 + 32)(1 + 3 + 9)(1 + 7) = 6552

3. B—E=0I¥ abc - EN=EHFIIAE - FENEUBBEEUEERN bea - BIM—RERNBIELER cab ° B

L=B& % (abc, bea, cab) BmABIEER/NIEAT]

fEE FEM—EZ(F ? We have a three-digit number abc. The

three digits are different from each other. We move the first digit of abc to the last one, i.e., the number becomes
bca. Repeat the same procedure we have cab. Among all three numbers (abe, bea, and cab), which of the following
number cannot be the difference between the largest and smallest one?

Solution: Suppose a > b > c. abc — cab is 100a + 10b + ¢ — (100¢ + 10a + b) = 90a + 9b — 99¢ = 9(10a + b — 11¢).
Solve 10a + b = 21 + 11¢,32 + 11¢,43 + 11¢,50 4 11c. It is easy to check we cannot have a > b > ¢ when
10a +b = 50 + 11¢ (¢ = 0,1,2,3,4, ab = 50 + 11c = 50,61,72,83,94) The other case is a > ¢ > b. abc — bca is
100a + 10b + ¢ — (100b + 10¢ + a) = 99a — 90b — 9¢ = 9(11a — 10b — ¢). Similarly, we cannot have a > ¢ > b when
106+ ¢ = 11a — 50 and a = 5,6,7,8,9.
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4. 75k 47 — 329115 _ 932 — 0 B4R, Find the root of 4* — 3. 2*+15 _ 932 — ),

Solution: Let t = 2%, 4% —3.2% — 232 =2 — 3.215¢ — 232 = (¢t — 4. 21%)(¢ + 2'%) = 0. Therefore, z = 17.

5. BB L:3z+4y— k=0 - IRKEMA (P, L) == P AER L 1OEEEE - 3K k 515 A(1,3) - B(2,7) - C(3,2) &
# L BBBEF A d(A, L)? + d(B,L)? +d(C, L)? &/]\ - Please find k such that the sum of the square of the distance
between the line L : 3z + 4y — k = 0 and three points A(1,3), B(2,7), and C(3,2), i.e., to minimize of the function
d(A,L)? +d(B,L)?+ d(C,L)?. The symbol d(P, L) stands for the distance between a point P and a line L.

Solution: The sum of the square of ditances d(A, L)?>+d(B, L)?>+d(C, L)* = 5= (15 — k)* 4+ (34 — k)* + (17 — k)?).
When k = w = 22, the function reaches its minimum.

(a) 2

(b) 2

(c) 2

(d) 2

(e) J//U: 53F None of the above

6. ®—H 75°C MKMEER 30°C HIRIED - KRS 10 2EME MNEAKREEREEN—¥ - BE%EROL
FPB£Z| 35°C ? The temperature of water in a cup is 75°C. We put the cup in a enviorment with temperature 30°C.

The temperature of water decay half of the temperature difference between the water and the enviorment every ten
minutes. How many minutes does it take till the temperature of water down to 35°C?

Solution: Suppose we need n minutes. Since 75 — 30 = 45 and 35 — 30 = 5, we need 45 - 277 = 5 = 20 = 270.
Therefore, n = 10log, 9 = 201og, 3

(a) log, 90
(b) 10log, 3
(c) 20log, 3
(d) 10log, 22
(e) UEE 3F None of the above

7. ZIET f(r) = 27 — 625 — 525 — 14a* + 623 + 2% — 132 + 1 < FK f(7) » Suppose a polynomial f(z) = 27 — 625 —
5% — 14x* + 623 + 2% — 132 + 1. Please compute f(7).
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Solution: If z = 7, we have f(7) = 2017 by synthetic division.

(a) 2015
(b) 2016
(¢) 2017
(d) 2018
(e) MA_EEEFE None of the above

8. B—BAHliNFEEBNER SEEZBFLEEREERAE—EERESR - tESEEEZNTRE - WWRZE
HMEYS  REM®RAE-  IRELREBE—EEENG  tWBEEK—EFE - BEMBHNHEEZ D ?A
student use a coin to guess the answer for a question. The question has five options and only one correct answer. He
tosses up the coin for each option. The option is chosen if the outcome is head. If there are more than one chosen
option, he randomly chooses one for the answer. What is the probability that he can get the correct answer?

Solution: We can compute the probability accroding to the number of chosen option.
The answer is 55 (Cg -1+ C1 -3 +C5 - +C5- § +Cf - 5) =31/160

(a) 1/5
(b) 7/32
(c) 31/160
(d) 33/160
(e) LLEEEFE None of the above

9. =B ABC % - LA=30°" AB =6 BC =32 - MIRHLMWERBTBELIRN LB - LC B&ESG S & - FHEE
B S PAZHIRTHMNH—EEE ? In triangle ABC, ZA =30°, AB = 6, BC = 3v/2. If we collect all the possible
angles of /B and ZC in a set S, which of the following is not in the set S7

Solution: There are two possibilities. One is (/B = 15° and ZC' = 135°). The other is (/B = 105° and ZC = 45°).
Therefore, the set S does not contain 75°.

(a) 15°
(b) 45°
(c) 75°
(d) 105°
(e) MA_EEETFE None of the above

10. #A a), SWE aps1 = 28 xap - B k 2IEEHH ) = 1° 5@ logya, W—MIHAEZD? A sequence ay, satisfies
apt1 = 2% X ap, where k is an positive integer and a; = 1. What is the general formula of log, a,,?

n—1
Solution: aj1 = 2¥ay, = logy ag1 —logyar = k = 3 log, arr1 —log, ay = log, a, —log, a1 = Z:;ll k= @
k=1
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11. z 2—EESIEENEE - B 2 + % = /3 &K 22016 4 2016 » Quppose z is a complex number and the imagnary
part of z is not zero. If z + 1 = /3, please compute 22016 4+ ,~2016,

Solution: z + % =v3=22-V3z2+1=0. Therefore, z = % = cosf + isinf, where 6 = :l:%. 22016 4 »—2016 —
208201660 = 2 cos(0) = 2.

(a) —2

(b) —V3

(c) 1

(d) 2

(e) BLEEEFE None of the above

12. —Y)RREFEREERMINS (2(t),y(t)) = (5cost + 3sint,4sint) - BEZY e R EIZNIEEE% /) ? The orbit
of an object is (z(t),y(t)) = (5cost + 3sint,4sint). What is the longest distance between the object and the origin
(0,0)?

Solution: 22+ 3% = 25cos?t + 25sin®t + 30sint cost = 25+ 15sin 2t < 40. So the logest distance is v/40. None of
the following will be the answer.

13. % ABABCAB ZEtESXFEMNES - AHIREE AB FFEIBHEBLTE ? If we re-arrange the characters in the
word ABABCAB, how many possible arrangments that the re-arranged word does not contain any sub-word AB?
For example, BABCBAA is not allowed since the underline part.

Solution: BBBAAAC,BBBAACA BBBACAA,BBBCAAA;
BBAAACB,BBAACBA,BBACBAA,BBCBAAA;
BAAACBB,BAACBBA,BACBBAA,BCBBAAA;
AAACBBB,AACBBBA,ACBBBAA,CBBBAAA. 16 possibilities.

PA EBSJE None of the above

4. FEREM y= Vo K y=qo ZENEEL » #iEE—BPMEARNIRERIZTE - Find the volume of solid obtained by
rotating the region bounded by y = v/x, y = x about the z-axis.
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Solution: The intersections of y = v/z and y = x are (0,0) and (1, 1). Therefore, the volume is fol 7 ((vz)? —2?) dz =

%.

(a) §

(b) 1

(c) 5

(d) 3

(e) BLEEEFE None of the above

15. 58 lim M > Evaluate lim M
=21 — /3 —x =21 — /3 —

VT+x—3 _ lim (A+v3—2)(7+z—9) _ 1

1V3=z o8 (VTtz+r3)(1-3+=) 3

Solution: lim
x—2

—~ o~
o

Qo
S N N N N

N Wl &= O

—~ o~

DA EBJE None of the above

—
[¢]

16. B—R& AD =20 A%~ B AB =16 27WA - MTFENERA LA D MiREE D' £ - FBE DE =2 2%
i T NERYTR EF =y 25&M? The paper is AD = 20cm by AB = 16cm. The upper-right corner D is folded
over to D’ at the bottom edge, see the following figure. How would you choose DE = z in order to minimize the
length of the fold (EF = y)?

F
A v D
\\ y T
\\ ”.:.; E
B C
D/
Solution: CFE = 216 — x,zD’E =z, D'C = /22 — (16 —1)2 = V322 — 162, D'F = 20 - gjg 2: \/%. If we
consider y2 = D'E"+D'F =22+ %. By taking the derivative, we have 2x + ;;6%”8 — (182”82)2 = Zix(fg_)lf). Therefore,

when z = 12, the length of fold y reaches its minimum.

A EEEJE None of the above

17. By= f(z) = 2?+ka+(k*—5k+3) B2 x BHARE - 3K k BUERAE ° The function y = f(z) = 22 +kx+ (k*—5k+3)
and z-axis has at least one intersection. What is the maximum value of k?
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Solution: k? —4(k* — 5k +3) > 0 = 3k? — 20k + 12 = (3k — 2)(k — 6) < 0 = 2 < k < 6. Therefore, the maximum
of k is 6.

() 3

(b) O

(c) 1

(d) 6

(e) MA_EEEFE None of the above

18. [ 2016 WEB—AIBFHAANEZ ) ? Please compute the sum of every digit of 2016.

Solution: 20'6 = 26 x 10'6 = 655360000000000000000. Therefore, the sum is 6 +5 45 + 3 4+ 6 = 25. In addition,
the remainder of sum of digits divided by 9 is 7.

19. D E=BI, ABC ¥ BC ##& £ - B BD:CD=3:5°"E# AD FB AE: AD =3:5 ZRE ﬁju%ﬁ\ﬁz
aAB + ,BB - #5K a + B ° The point D is located on the BC of triangle ABC and the point E is on AD. Suppose
BD:CD=3:5and AE: AD =3 :5. Ifthevectorﬁza@—i—ﬂﬁ, evaluate a + S3.

Solution: ﬁ = %ﬁ = % (%B + %1@) = %E + 4—901@. Therefore oo + 8 = % + % = %

EIGED

Qo
N AN ANII NSNS
oo\owco‘»—Acmoa —
N~

—

M _FESIE None of the above

—
[©]

d 0 0
following statements is NOT always true?

2o.A:[g b}-%AQ:[O 0]-?5%&‘@@%*—@@@?,4:[3 Z} IfA2:{8 8},Whichofthe

a?+bc bla+d)
cla+d) d%+be
a+d =0 and a? + bc = d? + bc = 0, are satisfied.

Solution: A% = [ ] or the two conditions,

o o
o o

]. Therefore, the solution for A is either [
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21. BDAEMEE - KE - A& - BRAMARBMHEMER "RV 3 TAZ . - KEVARMBIZRE E—N7[EZ
ftheR T - WL E E—ERZ - hREMEFE— - thHEREEE - ABOEENRIA 1/5 WEERI R - B
MR —ADEETBERL—5I - BRMAAFHBM—MDEENEM—EME - BESEHSINDIsEME—% - ERAmARME -
FHEENERE (o) B ? BR-MHMIESE - B_DAMWEEEZ "RV 3 "AZ2. FREEBENEERE (¢)
RO BEEBE %) ? We have three guests A, B, C in the TV show. The answer from A is always FALSE or NO. If
B hears the previous answer, he repeats the answer. However, if B is the first one, he gives the true answer. C tells
a lie with probability 1/5. Today A, B, and C is in a row but we don’t know the order. Suppose the probability of
each order is equal. If we ask them: is the answer (e)? And they all answer NO. What is the probability that (e) is
the answer? By the way, they all know the correct answer.

Solution: ABC or ACB: % . %
BAC or BCA: 0
CAB or CBA: % : % Therefore, the answer is ;—O, i.e., (e) None of the above.

(a) 55
(b) 5
(©) 1o
(d) 35
(e) BLEEEFE None of the above

22z y 2 BBREBH -BH o+ 4 +2 =1 1K o+ /y+ vz BIEAE ° Suppose that z, y, and z are positive
real number. Find the maximum value for /= + /¥ + \/z under the condition z + % + § = 1.

2 2
Solution: By Cauchy inequality, we have <ﬁ2 + (Ty) + (g) ) (124+22422) > (/T + /y+ /)% Therefore,
3>Vr 4+ y+z

(a) 1
(b) 2
(c) 3
(d) 4
(e) BALEEEFE None of the above

23. ME#E ABCD %2 AB = CD = 4, AC = AD = BC = BD = 3+ % 0 2@ ABD R ACD ®_Ef - #%
sin® ? We have a tetrahedron ABCD, AB = CD = 4, AC = AD = BC = BD = 3. If 0 is the dihedral angle of
ABD and ACD, what is sin 67

Solution: Let A = (0,0,2), B = (0,0,-2), C = (d,2,0), D = (d,—2,0). Since AC = 3, we have d®> +4+4 =
9 = d = 1. We can compute the equations of two planes ABD : 2x +y = 0, ACD : 2x + z = 2. Therefore
cos(f) =4/5 = sin(d) =3/5



24.

25.
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W EA 30 BEE - MFINBBFIIRERZ 70 0 (DEB 03 100 7)) A B C —UERMSBE LM 7 10 &
B4 WEIEMMAFOEERESS 60~ 72 & 78 73 - LUNRGHOE A CIgERE ? (MRpITUEZEIEER B OlEE - B
# (e)) We have 30 students in the class. The average score of math is 70 (possible score ranging from 0 to 100).
Teachers A, B and C pick 10 students from the class to form a group and the average score of the 10 students in
each group is 60, 72, and 78, respectively. Which of the following statements is not possible? (If options (a), (b), (c),
(d) are possible, please choose (e))

Solution: A: B: 10 f&@ 60 73 - 10 f& 72 73 & 10 & 78 7B10] - C ~ D: 20 & 100 73 - 1 {8 20 73 - 1 & 80 73 - FF

0% - FRIIZEEZE

(a) A+ B C Pt skR= AP EBEEIREE - The groups chosen by A, B, and C do not have any intersection.

(b) EMHEEBRBEERES 56 - The variance of the math score of 30 students is 56.

(c) Bl 10 BARBAE - 2R 10 BARFEZERZ 10 2 - If we pick 10 students again, it is possible that their
average score is 10.

(d) EERAEPAIEZ 100 73 © The medium score of the 30 students is 100.

(e) MA_EEETIBE All of the above are possible.

MREE—BNEEE "EEREAR  BERPLERESNEREM—E 2, EREEENERZA - RHREEE
ERE—E - FE MNAERCMIEER ? (WRATVMERZEIREERE - 5% (e)) If the last question is “What is the most
option that you choose in this exam?”, and you are sure that you only has one answer before you check the options
in the question. Which of the following option is wrong? (If options (a), (b), (c), (d) are true, please choose (e))

Solution: C: #53% - BOJRERIH 24 BEREBENEEZ 9,5,5,3,2 - Hith1E#E

(a) REMERHRE —TFELRSHEIEEZ 2 DL - The difference between the highest counts of options and the
second highest one is not less than 2.

(b) =& 25 BEMT  =EWEBE—TEE 7 XKLL - The highest counts of options is not less than 7 including
all the answers in the exam.

(c) BIE 24 BRERERED - —E2EMEEIELIREIRZR - The counts of each options are different from each
other in the previous 24 answers.

(d) BIE 24 BHEREED - HIRKRZRHEABE—E - The highest counts of options is only one.

(e) BLEESIERE All of the above are correct.



